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1 Introduction

Diophantine analysis, in its most classical form, studies integral and rational points on algebraic varieties
over number fields. One can speak on several aspects of this study:

• the finiteness aspect, or, more generally, the non-density aspect: proving that, under sufficiently general
assumptions, integral or rational points are finite in number or, in higher dimension, are not Zariski
dense;

• the counting aspect: when there are infinitely many integral (or rational) points, give upper bounds
or even asymptotics for their counting functions;

• the existence aspect: decide whether at least one integral point exists;

• the effectiveness aspect: determine, at least in principle, all integral points (say, give an explicit upper
bound for their heights);

• the numerical aspect: give a practical method permitting to determine integral points, using computers.

Of course, this classification is very rough and incomplete, but it gives some initial idea on the subject.
The finiteness/density and the counting aspects are most well developed. The finiteness aspect in dimen-

sion 1 is almost completely solved by the classical theorems of Siegel (1929) and Faltings (1983): there are
finitely many integral points on affine curves of genus at least 1 (or even of genus 0 but with at least 3 points
at infinity), and finitely many rational points on projective curves of genus at least 2. In higher dimension
much less is known, but some substantial progress has being made in the last decade in the work of Corvaja,
Zannier Levin and Autissier, starting from the pioneering articles of Corvaja and Zannier of 2002 and 2004.

In the introductory part of my course I will give necessary definitions and explain the principal finiteness
results without going much into the proofs.

The counting aspect is well advanced too, and is presented by seminal works of Tchinkel, Pila, Heath-
Brown and many others. (This will not appear in the course.)

The existence aspect is much less elaborated. The celebrated result of Matiyasievich (1970) states that
on affine varieties of sufficiently high dimension the existence problem for integral points is not decidable. It
is believed, however, that it is decidable in low dimensions, most notably, in dimension 1. While decidability
of existence of an integral/rational point on a general affine/projective curve is still an open problem,
some results in this direction are obtained, and most of them are based on so-called effective methods in
Diophantine analysis.

Here we naturally come to the effectiveness aspect. The above-mentioned general finiteness theorems of
Siegel and Faltings are non-effective in the sense that none of them implies any explicit bound for the height
of the points. Partial effectivization of Siegel’s theorem is obtained by Baker’s method (see Section 2) based
on Baker’s theory of logarithmic forms. Another effective method in Diophantine analysis is Runge’s method
(Section 3), which is elementary, but remarkably efficient when it applies.
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Both these methods, when they apply, give explicit upper bounds for the heights of integral points on
certain affine algebraic curves. In the most basic form, they explicitly bound solutions of certain polynomial
Diophantine equations . In particular, these results imply that, in principle, one can determine all the
solutions just by enumerating all possible integers below the bound. Unfortunately, the bound is usually too
high for this to be practical, and if one wants to solve completely the equation in question, one should apply
special reduction and enumeration techniques.

Below we discuss the effectiveness aspect and the numerical aspect more in detail.

2 Baker’s method

Baker’s method in the Diophantine analysis is based on the following result, called sometimes “Baker’s
inequality for logarithmic forms”. Below h(·) stands for the absolute logarithmic height (will be defined in
the course).

Theorem 2.1 Let Γ be a finitely generated multiplicative group of complex algebraic numbers and ε a
positive real number. Then there exists a positive real number C effectively depending on Γ and ε such that
for every γ ∈ Γ we have either h(γ) ≤ C or |γ − 1| > e−εh(γ).

Remark 2.2 1. Inequality |γ − 1| ≥ e−d(h(γ)−1) is easy to prove for an algebraic number γ 6= 1 of de-
gree d. The non-trivial contribution of Baker was obtaining o(h(γ)) in the exponent.

2. When we say that C “effectively depends” on Γ and ε we mean that it can, in principle, be explicitly
expressed in terms of ε and some system of generators of Γ.)

3. This result is due to Baker (1966), who extended the previous work of Gelfond (1934). Fixing a system
of generators γ1, . . . , γr and writing γ = γb11 · · · γbrr , we see that estimating |γ − 1| reduces to estimating
the “logarithmic form” b1 log γ1 + · · ·+ br log γr.

4. Modern versions of Baker’s inequality are much sharper, with O(log h(γ)) in the exponent. But the
initial version is sufficient for most of the applications.

5. Non-archimedean versions of Baker’s inequality are available (van der Poorten, Yu, etc.). They will be
briefly addressed during the course.

Baker’s theorem found many applications in various parts of Number Theory, most notably, in the
Diophantine analysis. It was proved that Siegel’s finiteness theorem is effective for curves of genus 0 (and
with at least 3 points at infinity), for curves of genus 1 (Baker and Coates, 1970), and for some curves of
higher genus.

In the course I will not prove Baker’s inequality (for this a separate course is needed), but I will address
in great detail its Diophantine applications.

3 Runge’s method

Contrary to Baker’s method, based on the deep Baker’s inequality, Runge’s method is based on the trivial
“Liouville inequality” |γ| > e−dh(γ), where γ is a non-zero complex algebraic number of degree d. Runge’s
method requires rather restrictive assumptions, but when it applies, it gives much sharper quantitative
bounds, than Baker’s method.

Runge’s method is quite old: it goes back to the XIX century. It has being long overshadowed by the
more powerful Thue’s and Baker’s methods, but experienced a remarkable comeback during the last decade.
Among several spectacular results obtained using Runge’s method, we can mention Mihailescu’s celebrated
solution of Catalan’s problem.
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Another result recently obtained using Runge’s method is classification, due Parent, Rebolledo and me,
of rational points on certain modular curves; I will speak on this in the course.

Levin (2008) thoroughly examined Runge’s method and showed its remarkable possibilities. In particular,
he described a multi-dimensional version of the method (which is well available, contrary to Baker’s method).
Also, he showed that Runge type arguments appear in many places where nobody ever expected to find them.
For instance, Levin partially explained famous (and quite mysterious for me) results of Saradha and Shorey
(2004) about products of terms of arithmetical progressions, combining Runge’s method with the covering
technique typical in Diophantine analysis. I will address Levin’s work in the course.

4 Numerical methods

As already mentioned above, bounds for solutions of Diophantine equations given by Baker’s method, even
if totally explicit, are not suitable for actual solving of the equations, because they are very huge (typically,

1010
400

). Nevertheless, Baker and Davenport (1969) showed that, using the continued fractions technique
and the “heuristic” gap principle, one can greatly reduce the bound and indeed solve certain Diophantine
equations in a mathematically rigorous way. I will speak on this work of Baker and Davenport, and, probably,
on subsequent generalization due to Tzanakis, de Weger, Pethő, Hanrot and myself.

5 Pre-requisites

Basic Algebraic Number Theory: number fields, ideals, prime decomposition, valuations, ideal classes, Dirich-
let Units Theorem. Anyway, I will refresh the terminology.

Basic understanding of what an algebraic curve is. No schemes and similar niceties are needed.
For the lecture(s) on modular curves it would be useful to have an idea of what modular curves are, but

I will give all the definitions.
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