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Resumen : The rewriting of SGA 3 and the publication of the pro-
ceedings of the ”Ecole d’été autour des Schémas en groupes”, are a
real improvement for anyone who needs to understand Grothendieck’s
point of view on the theory of algebraic groups, whatever his own mo-
tivations. Nevertheless, entering the world of algebraic groups, is still
not so easy, and will never be as the theory itself is a large and deep
one. In this serie of lectures, I will try to give some of the keys for un-
derstanding some points of the theory, and to explain the advantages
of Grothendieck’s point of view even if one is mainly interested in the
classical theory of algebraic groups.

I will first introduce the very general setting that Grothendieck in-
troduced fifty years ago, and try to explain why it is not as disgusting
as it might appear. Although nothing very interesting appears in this
too general setting, it is a good environement for asking very general
questions, both on algebraic groups and more generally on algebraic
and analytic geometry. I will insist on the question of representability
of quotients and homogeneous spaces. These questions were central in
the classical theory of algebraic groups, by which I mean the theory
of algebraic groups in the sense of the Séminaire Chevalley (baptised
”the bible” in SGA). Although the existence of quotients and homo-
geneous spaces have been established, under reasonable hypotheses in
the Séminaire Chevalley, and although the language of the Séminaire
Chevalley may sound more natural than Grothendieck’s, I will try to
show that Grothendieck’s point of view actually has many advantages,



even if one sticks to algebraic groups over a field, that is the case of
the Séminaire Chevalley. I will spend some times discussing several
classical results in Grothendieck’s spirit; for instance, it is interesting
to discuss Serre’s theory of Ext in ”Groupes algébriques et corps de
classes” in Grothendieck’s point of view.

Besides enlightening the classical theory, an important advantage
of Grothendieck’s point of view is that it makes working on a general
ring, and not only on a field as in the classical case, completely natural.
This has many advantages, for instance for the very important theory
of reduction in ”inequal characteristic”, which plays an important role
in classical theory (for instance in Weil’s or in Shimura’s theory of
abelian variety), but requires lengthy preliminaries if one sticks to the
classical framework.

Of course changing the language does not make miracles, and one
still has to cope with proofs that can not be too easy as they prove
results that are not. One of the difficulties of entering Grothendieck’s
world might be that some of the fundamental points are presented at
first in a very general setting with rather formal proofs, before being
used for proving concrete results. One of the most fundamental ex-
ample of that way of working is the ”technique de descente fidèlement
plate” that, at first, appears as having nothing to do with geometry,
but which latter turns out to be an incredible powerful tool for geo-
metric questions. I will discuss ”descente fidèlement plate” just after
introducing Grothendieck’s general setting as it is one of the most im-
portant technical point in the theory, and nothing can be done without
it; moreover it is a good example of Grothendieck’s way of thinking:
the starting point is Weil’s paper ”the field of definition of an algebraic
variety”, and Grothendieck transforms it in a general proposition on
modules over a ring which seems neither very exciting nor having any-
thing to do with Weil’s result; but this general assertion on modules
will prove to be the very point in many geometric applications.

http://seminarioaritmeticaygeometria.wordpress.com/

Auspicios

• Pontificia Universidad Católica de Valparáıso
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